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 خواصها.
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Abstract 

       The aim of this paper is to study the class of intuitionistic 

fuzzy -normal spaces with studying the forms of intuitionistic 

fuzzy continuous functions. Also we study the class of 

intuitionistic fuzzy g - normal, and 𝜋𝑔𝛼-normality in 

subspaces. Moreover, we investigate some of their properties.                                                                                      
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intuitionistic fuzzy pr𝑒𝛼-open continuous.   

1.Introductiot 

         The concept of fuzzy set was introduced by Zadeh in his 

classical paper [12] in 1965. Using the concept of fuzzy sets, 
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Chang [3] introduced the concept of fuzzy topological space . In 

[1], Atanassov introduced notion of  intuitionistic fuzzy sets in 

1986. Using the notion of  intuition-        istic  fuzzy sets, Coker 

[4] defined the notion of  intuitionistic fuzzy topological spaces 

in 1997. In this paper, we study the classes of normal spaces, 

namely  -normal spaces and g  normal spaces in 

ntuitionistic fuzzy topological spaces, we obtain some properties 

of these form in intuitionistic fuzzy topological spaces. 

Moreover, we study the forms of intuitionistic fuzzy 

generalized  -normality in subspaces, and investigate some of 

their properties and characterizations.  

2.Preliminaries 

Definition 2.1[1]  

      An intuitionistic fuzzy set (IFS in short) A in X is an object 

having 

 the form  XxxvxxA AA  /)(),(,  where the functions 

]1,0[: XA  and ]1,0[: XvA denote the degree of membership 

(namely )(xA ) and the degree of non-membership (namely ))(xvA

of each element x X to the set A, respectively, and 0 A(x) + 

A(x) 1 for each x X. Denote by IFS (X), the set of all 

intuitionistic fuzzy sets in X. 

Definition 2.2 [1] 

       Let A and B be intuitionistic fuzzy sets of the form 

 XxxvxxA AA  /)(),(,and  XxxvxxB BB  /)(),(,

(a) A B if and only if A(x) B(x) and A(x) B (x)  for all x 

X 

(b) A =B if and only if A B and B A 
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(c) A
c
 = {x, A(x), A(x)/x X} 

(d) A B = { x, A(x) B(x), A(x) B(x)/x X} 

(e) A B = {x, A(x) B(x), A(x) B(x)/x X} 

The intuitionistic fuzzy sets 0~ = {x, 0, 1/x X} and 1~ = {x, 1, 

0/x X} are respectively the empty set and the whole set of  X. 

Definition 2.3 [4]  

       An intuitionistic fuzzy topology (IFT in short) on X  is a 

family of IFSs in X satisfying the following  axioms: 

(i) 0~, 1~  

(ii) 21 GG   for any 21,GG 

(iii) iG  for any family }/{ JiGi                                                                                   

In this case the pair ),( X is called an intuitionistic fuzzy 

topological Definition 2.3 [4]  

       An intuitionistic fuzzy topology (IFT in short) on X  is a 

family of IFSs in X satisfying the following  axioms: 

(i) 0~, 1~   

(ii) 21 GG   for any 21,GG  

(iii) iG  for any family }/{ JiGi                                                                                   

In this case the pair ),( X is called an intuitionistic fuzzy 

topological space (IFTS in short) and any IFS in  known as 

an intuitionistic fuzzy open set (IFOS in short) in X. The 

complement cA of an IFOS A in IFTS ),( X is called an 

intuitionistic fuzzy closed set (IFCS in short in 𝑋).                                                                                                      

Definition 2.4[9]  

       An IFS A in an IFTS ),( X is said to be an                          

i) intuitionistic fuzzy -open set (IFOS in short) if 

)))(int(int( AclA .  

77



ii) intuitionistic fuzzy -closed set (IFCS in short) if 

AAclcl )))((int( . 

The family of all IFCS (resp. IFCS, IFOS, IFOS) of an IFTS 

),( X is denoted by IFC )(X (resp. IFC )(X , IFO )(X , IFO )(X ). 

Definition 2.5 [12]  

       Let A be an  IFS in an IFTS ),( X . Then 

i) )int(A  = { GG /  is an IFOS in X and AG  } 

ii)  )(Acl  = { KK /  is an IFCS in X and KA } 

Definition 2.6[11]   

        An IFS A in an IFTS ),( X is said to be an  

i) intuitionistic fuzzy regular closed set (IFRCS in short ) if 

))(int(AclA   ii) intuitionistic fuzzy regular open set(IFROS in 

short ) if ))(int( AclA   iii) intuitionistic fuzzy generalized closed 

set (IFGCS in short ) if UAcl )( whenever UA and U an 

(IFROS in short) and U an IFOS in ).,( X                                      

 Definition 2.7[4]                                                                                       

      An IFS A in an IFTS ),( X is said to be an    

i) The finite union of IF regular open sets is said to be IF π-open . 

ii) The complement of  IF π- open set is said to be IF π-closed. 

Definition 2.8 [10]                                                                

              An IFS A in ),( X is said to be an intuitionistic 

fuzzy 𝜋𝑔𝛼-closed set(IF πGαCS in short) if UAcl )(  whenever

UA  and U is an IF𝜋OS in ),( X . 
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Definition 2.9 

[10]                                                                                                 

An IFS A in ),( X is said to be an intuitionistic fuzzy 𝜋𝑔𝛼-open 

set (IF πGαOS in short) if the complement CA is an IFπGαCS in 

),( X . 

Remark 2.10 [10] 

       Every IFCS, IF𝛼CS, IFRCS, IFGCS is an IFπGαCS, but 

converses may not true in general.  

Remark 2.11 

(i) Every IFπOS in ),( X  is an IFOS in ),( X . [8] 

(ii) Every IFOS in ),( X is an IFOS in ),( X . [4] 

(iii) Every IFπOS in ),( X is an IFπGOS. [8] 

3. Intuitionistic Fuzzy 𝜶- Normal Spaces 

Definition 3.1 

       An intuitionistic fuzzy topological space ),( X  is said to be 

intuition-   istic fuzzy 𝛼-normal space (or in short IF 𝛼 -N) if for 

every pair of disjoint intuitionistic fuzzy closed sets ,A there exist 

two disjoint intuitionistic fuzzy 𝛼-open sets (IF𝛼OSs) U andV

such that VBUA  , . 

Theorem 3.2 

        Let ),( X be an intuitionistic fuzzy topological space the 

following are equivalent :   

X)1 is an intuitionistic fuzzy 𝛼-normal space .                                                                                                                     

2) For every pair of an intuitionistic fuzzy open setsU andV  
whose union is 1~ there exist intuitionistic fuzzy 𝛼-closed sets A

and B such that VBUA  , and .1~BA  
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3) For every intuitionistic fuzzy closed set H and every 

intuitionistic fuzzy open K containing ,H there exists an 

intuitionistic fuzzy 𝛼-open setU such that .)( KUclUH    

4) For every pair of an intuitionistic fuzzy disjoint 𝛼-closed sets

H and K   of X there exists an intuitionistic fuzzy 𝛼-open set U of 

X such that UH  and ~0)(  KUclIF    . 

5) For every pair of an intuitionistic fuzzy disjoint 𝛼-closed sets

H and K of X there exists an intuitionistic fuzzy 𝛼-open sets U

andV of X such that VKUH  , and ~0)()(  VclIFUclIF    

Proof  

)2)1   

        Let U andV be two intuitionistic fuzzy open sets in an IF 𝛼-

normal space X  such that ~1VU  . Then cc VU , are 

intuitionistic fuzzy disjoint closed sets. Since X  is an 

intuitionistic fuzzy 𝛼-normal space there exist intuitionistic fuzzy 

disjoint 𝛼-open sets 1U  and 1V  such that 1UU c  and .VV c  Let

cc VBUA 1,
1

 .Then A and B are intuitionistic fuzzy 𝛼 -closed 

sets such that VBUA  , and ~1BA . 

)3)2   

        Let H  be intuitionistic fuzzy closed set and K  be an 

intuitionistic fuzzy open set containing H .Then cH and K are 

intuitionistic fuzzy open sets such that ~1KH c  . Then by (2) 

there exist an intuitionistic fuzzy 𝛼-closed sets 1M and 2M such 

that cHM 1 and KM 2 and .1~21 MM  Thus, we obtain 

21
, ccc MKMH  ~0

21
cc MM  .                                                        

Let c
MU 1 and c

MV 2 .Then U andV are intuitionistic fuzzy 
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disjoint 𝛼- open sets such that KVUH c  . As cV an 

intuitionistic fuzzy 𝛼-closed set, we have .)( KUclUH    

)4)3                                                                                                

       Let H and K  be disjoint IF 𝛼-closed set of .X Then cKH 

where cK is IF 𝛼-open. By the part(3), there exist a IF 𝛼-open 

subset U of X  such that .)( cKUclUH   Thus 

~0)( KUclIF  . 

)5)4   

       Let H and K  be any disjoint IF 𝛼-closed set of X .Then by 

the part (4) there exist a IF 𝛼-open setU containing H such that 

~0)( KUclIF  . Since )(UclIF is an IF 𝛼-closed, then it is 

IF 𝛼-closed .Thus )(UclIF and K are disjoint IF 𝛼-closed sets of 

.X Again by the part (4), there exists a IF 𝛼-open set V in X  such 

that VK  and ~0)()( VclIFUclIF   . 

)1)5   

       Let H and K  be any disjoint IF 𝛼-closed sets of X .Then by 

the part 5). There exist IF 𝛼-open sets U andV such that 

,, VKUH  and ~0)()( VclIFUclIF   . Therefore , we 

obtain that ~0VU  . Hence X  is IF 𝛼- normal space. 

Definition 3.3[5] 

              An IF function ),(),(:  YXf  is said to be :  

1) Intuitionistic fuzzy pre-continuous function if 

)()(1 XIFPOBf  for every .B  

2) Intuitionistic fuzzy 𝛼-continuous function )()(1 XOIFBf   

for every .B  
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3) Intuitionistic fuzzy 𝛼-open function (IF𝛼𝑂 function for short) 

if )(Af is an OSIF  in Y for each AIFOS  in X  . 

Definition 3.4 

 An IF function ),(),(:  YXf  is said to be:  

1) IF pre 𝛼-open if )()( YOIFUf  for each )(XOIFU  . 

2) IF pre 𝛼-closed if )()( YCIFUf  for each )(XCIFU  . 

3) IF almost 𝛼-irresolute if for each IF point ),( x in X and 

each IF𝛼-neighbourhood V of )(xf , ))(( 1 Vfcl  is an IF𝛼-

neighbourhood of ),( x . 

Theorem 3.5 

         A surjective function ),(),(:  YXf  is an intuitionistic 

fuzzy pr𝑒𝛼-open continuous almost 𝛼 -irresolute function from 

an intuitionistic fuzzy 𝛼-normal space ),( X onto ),( Y .Then 

),( Y is an intuitionistic fuzzy 𝛼-normal space. 

Proof                                                                                                                                                  

        Let A  be an intuitionistic fuzzy closed set of Y and B  an 

intuitionistic fuzzy open set of Y containing A .Then since f  is 

continuous )(1 Af  and )(1 Bf  are intuitionistic fuzzy closed (respt. 

open ) in X such that )(1 Af  and )(1 Bf  . Since X is an 

intuitionistic fuzzy 𝛼- normal there exists an intuitionistic 

fuzzy 𝛼 -open setU in X such that )()()( 11 BfUclUAf    , 

by theorem (3.2) ))(())(()())(( 11 BffUclfUfAf    . Since

f is an intutionistic fuzzy pre 𝛼-open almost 𝛼 -irresolute- 

surjection function, we obtain 

BUfclUfA  ))(()(  .Then again by theorem (3.2) .The 

space 
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),( Y is intuitionistic fuzzy 𝛼-normal space. 

Theorem 

3.6                                                                                                    

                                                   A function ),(),(:  YXf  is an 

intuitionistic fuzzy pre 𝛼-closed function if and only if for each 

intuitionistic fuzzy set A in Y  and for each intuitionistic fuzzy 𝛼-

open setU in X containing )(1 Af   there exist an intuitionistic 

fuzzy 𝛼-open set V of Y containing A such that UVf  )(1 . 

Theorem 

3.7                                                                                                    

                                             Let ),(),(:  YXf  be an 

intuitionistic fuzzy pre 𝛼-closed continuous function from an 

intuitionistic fuzzy 𝛼-normal space X onto a space ,Y then Y is an 

intuitionistic fuzzy 𝛼-normal space. 

proof                                                                                                                                                  

        Let 1M and 2M  are intuitionistic fuzzy disjoint closed sets in 

Y )( 1

1 Mf  and )( 2

1 Mf   are intuitionistic fuzzy closed sets in .X

Since X is  an intuitionistic fuzzy 𝛼-normal space, there exist 

disjoint intuitionistic fuzzy 𝛼-open sets U andV such that 

UMf  )( 1

1 and VMf  )( 2

1 . By theorem(3.6) there exist an 

intuitionistic fuzzy 𝛼-open sets A and B  such that AM 1 and

UAfBM   )(, 1

2 and VBf  )(1 . Also A and B are disjoint 

.Thus Y is an intuitionistic fuzzy 𝛼-normal space. 

Definition 

3.8                                                                                                    

                                      An intuitionistic fuzzy function 
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),(),(:  YXf  is said to be 𝛼 -closed if )(Uf  is an IF 𝛼-closed 

set in Y for each closed set U in X . 

Theorem 

3.9                                                                                                    

       Let ),(),(:  YXf  be an ntuitionistic fuzzy 𝛼-closed 

continuous surjection and X is an intuitionistic fuzzy normal, then 

Y is 𝛼-normal space. 

Proof                                                                                                                                              

        Let A and B be an intuitionistic fuzzy disjoint closed sets in 

.Y   

Since f  is continuous then )(1 Af  and )(1 Bf   are intuitionistic 

fuzzy disjoint closed sets in .X  As X is an intuitionistic fuzzy 

normal, there exist intuitionistic fuzzy disjoint open sets U andV

in X such that UAf  )(1 and VBf  )(1 .Then there are 

intuitionistic fuzzy disjoint open setsG  and H  inY such that GA  

and HB  . Since every intuitionistic fuzzy open set is 𝛼-open, G

and H are intuitionistic fuzzy disjoint 𝛼-open sets containing A

and ,B respectively. Therefore Y is an intuitionistic fuzzy 𝛼- 

normal. 

4. Intuitionistic Fuzzy 𝝅𝒈 - Normal Spaces 

      In this section, we introduce the notion of IF g -normal 

space and study some of its properties. 

Definition 

4.1                                                                                                    

                               An IF topological space X is said to be IF g -

normal if for every pair of disjoint IF g -closed subsets A and B
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of ,X there exist disjoint IF  -open sets U andV of X such that 

UA and .VB    

Theorem 

4.2                                                                                                    

                                         For an intuitionistic fuzzy topological 

space ),( X  the following are equivalent: 

(1) X  is g -normal. 

(2) for any pair of intuitionistic fuzzy disjoint g -open sets U

andV  of X there exist disjoint g -closed sets A and B of X such 

that UA and VB  and XVU  . 

 (3) for each IF g -closed set A  and an IF g -open set B

containing A there exists a IF -open set U such that 

BUclIFUA  )( . 

(4) for any pair of intuitionistic fuzzy disjoint g -closed sets A

and B of X there exists a IF -open set U of X such that UA and

.0)( ~ BUclIF   

 (5) for any pair of  intuitionistic fuzzy disjoint g -closed sets A

and B of 

X there exists a IF -open sets U andV of X such that UA and 

VB  ~0)()(  VclIFUclIF   . 

Proof 

)2)1   

       Let U andV be two intuitionistic fuzzy g -open sets in an IF 

g - normal space X  such that ~1VU  .Then cc VU , are 

intuitionistic fuzzy disjoint g - closed sets. Since X  is an 

intuitionistic fuzzy g - normal space there exist intuitionistic 

fuzzy disjoint 𝛼-open sets 1U and 1V  such that 1UU c  and 
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.1VV c   Let cc
VBUA 11 ,  .Then A and B are intuitionistic fuzzy 𝛼-

closed sets such that VBUA  ,  and .1~BA  
)3)2   

       Let H  be intuitionistic fuzzy g - closed set and K  be an 

intuitionistic fuzzy g -open set containing H .Then cH and K

are intuitionistic fuzzy g -open sets such that ~1KH c  .Then 

by (2) there exist an intuitionistic fuzzy 𝛼-closed sets 21 MandM

such that cHM 1 and KM 2 and ~21 1MM  .Thus we obtain 
ccc

MKMH 21 ,  and .0~21 
cc

MM   

Let c
MU 1 and c

MV 2 .Then U andV are intuitionistic fuzzy 

disjoint 𝛼 -open sets such that KVUH c  . As cV an 

intuitionistic fuzzy 𝛼-closed set, we have .)( KUclUH    

)4)3                                                                                                   

         Let H and K be disjoint IF g -closed set of X . Then 
cKH  where cK is IF g -open. By the part(3), there exist a 

IF 𝛼-open subset U of X  such that  .)( cKUclUH   Thus

~0)( kUclIF  . 

)5)4   

       Let H and K  be any disjoint IF g -closed set of X .Then by 

the part (4), there exist a IF 𝛼-open setU containing H such that 

~0)( kUclIF  . Since )(UclIF is an IF 𝛼-closed, then it is IF

g -closed . Thus )(UclIF and K are disjoint IF g -closed sets 

of X . Again by the part (4), there exist a IF𝛼 -open setV in X such 

that VK  and ~0)()( VclIFUclIF   . 

)1)5    
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       Let H and K be any disjoint IF g -closed sets of .X Then by 

the part (5), there exist IF 𝛼-open sets U andV such that 

,, VKUH  and 

~0)()( VclIFUclIF   . Therefore we obtain that ~0VU  . 

Hence X  is IF g - normal space. 

Lemma 4.3 

a) The image of IF 𝛼-open subset under an IF- open 

continuous function is IF 𝛼-open subset. 

b) The image of IF 𝛼-open subset under an open continuous 

function   is IF 𝛼-open subset.  

Lemma 4.4 

      The image of IF regular open subset under an open and 

closed continuous function is IF regular open subset. 

Lemma 4.5 [5] 

   The image of IF 𝛼-open subset under IF- open and IF- 

closed continuous function is IF 𝛼-open subset. 

Theorem 

4.6                                                                                          If 

YXf :  be an IF-open and IF-closed continuous bijection 

function and A  be a IF g -closed set in ,Y then )(1 Af   is IF

g -closed set in X . 

Proof                                                                                             

                                                   Let A  be an g -closed set in Y

and U  be any IF -open set of 

X  such that UAf  )(1 . Then by lemma (4.5), we have )(Uf  is 

IF - open set of Y such that )(UfA . Since A  is an IF g -

closed set of Y  and )(Uf is IF - open set in .Y Thus IF UAcl )(  
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. By lemma (4.3) we obtain that UAclIFfAf   ))(()( 11  , 

where ))((1 AclIFf    is  𝛼 -closed in X .This implies that IF

UAfcl   ))((
1

 .Therefore )(1 Af   is IF g -closed set in X . 

Theorem 4.7                                                                                   

                    If YXf : be an IF-open and IF-closed continuous 

bijection function and X  be a IF g -normal space , then Y is IF

g -normal space . 

Proof                                                                                                                                                 

      Let A and B be any disjoint g  -closed set in Y .Then by 

theorem 

(4.6) )(1 Af  and )(1 Bf  , are disjoint of  IF g -closed set in X . 

By IF 

g -normality of X , there exist IF 𝛼 -open subsets U andV of X

such 

that VBfUAf   )(,)( 11  and ~0VU  . By assumption, we 

have )(,)( VfBUfA  and ~0)()( VfUf   . By lemma (4.3) 

)(Uf and )(Vf  are disjoint IF 𝛼 -open set of Y such that 

.)(,)( VfBUfA   Hence Y is IF g -normal space. 

5. IF g -normality in subspaces 

Lemma 5.1 [5]                                                                                 

      If M  be a IF -open subspace of a space X and U be an IF -

open subset of ,X then MU  is IF - open set in M . 

Lemma 5.2                                                                                       

      If A  is both IF -open and IF g -closed subset of a space ,X

then A  is an IF 𝛼 -closed set in X . 
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Proof                                                                                                                                        

      Since A  is both IF -open and IF g -closed subset of  a 

space X and since AA , then AAclIF )( . But ).(AclIFA 

Then )(AclIFA    

Hence A  is an IF 𝛼-closed set in X . 

corollary 5.3.                                                                                   

         If A  is both IF  -open and IF g -closed subset of a space

,X then A  is an IF 𝛼 regular-closed set in X . 

Theorem 5.4                                                                                   

       Let M  be an IF -open subspace of a space X  and MA . If 

M  is an IF g -closed subset of a space X and A  is an IF g -

closed subset of M . Then A  is an IF g -closed subset of X . 

Lemma 5.5                                                                                      

       Let M  be an intuitionistic fuzzy closed domain subspace of 

a space X . If U is an IF 𝛼-open set in ,X then MU  is an IF 𝛼-

open set in M . 

Theorem 5.6                                                                                   

                     An intuitionistic fuzzy g -closed and IF -open 

subspace of an intuitionistic fuzzy g normal space is an 

intuitionistic fuzzy g normal. 

Proof                                                                                                                                            

      Suppose that M is an IF g -closed and IF -open subspace 

of 

an intuitionistic fuzzy g normal space X . Let A and B be any 

intuitionistic fuzzy disjoint g -closed subsets of M . Then by 

theorem (5.4), we have A and B  are intuitionistic fuzzy disjoint 

g -closed sets in X . By intuitionistic fuzzy g normality of 

89



X , there exist ntuitionistic fuzzy 𝛼-open subsets U andV of  such 

that VBUA  , and .0~VU   

By corollary ( 5.3) and lemma (5.5), we obtain that MU  and

MV   

are intuitionistic fuzzy disjoint 𝛼-open sets in M  such that 

MUA  and MVB  . Hence, M  is an intuitionistic fuzzy 

g normal subspace of intuitionistic fuzzy g normal space

X . 
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