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On a -Normal And Some Applactions In Intuitionistic Fuzzy
Spaces

Hudi Almagtouf Meerah And Asma Masoud Sarbout
Abstract

The aim of this paper is to study the class of intuitionistic
fuzzy o -normal spaces with studying the forms of intuitionistic
fuzzy continuous functions. Also we study the class of
intuitionistic fuzzy nge - normal, and Tga-normality in
subspaces. Moreover, we investigate some of their properties.
Keywords:

intuitionistic fuzzy « -open set, intuitionistic fuzzy g« -
closed set,
intuitionistic fuzzy prea-open continuous.

1.Introductiot

The concept of fuzzy set was introduced by Zadeh in his
classical paper [12] in 1965. Using the concept of fuzzy sets,
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Chang [3] introduced the concept of fuzzy topological space . In
[1], Atanassov introduced notion of intuitionistic fuzzy sets in
1986. Using the notion of intuition- istic fuzzy sets, Coker
[4] defined the notion of intuitionistic fuzzy topological spaces
in 1997. In this paper, we study the classes of normal spaces,
namely « -normal spaces and g — normal spaces in
ntuitionistic fuzzy topological spaces, we obtain some properties
of these form in intuitionistic fuzzy topological spaces.
Moreover, we study the forms of intuitionistic fuzzy »
generalized « -normality in subspaces, and investigate some of
their properties and characterizations.

2.Preliminaries

Definition 2.1[1]

An intuitionistic fuzzy set (IFS in short) A in X is an object
having
the form A= {(x,,uA(x),vA(x)>/x e X } where the functions

1, X —[0]] and v, : X —[01]denote the degree of membership
(namely «,(x)) and the degree of non-membership (hamely v, (x))
of each element x € X to the set A, respectively, and 0 < pa(x) +
va(X) <1 for each x € X. Denote by IFS (X), the set of all
intuitionistic fuzzy sets in X.
Definition 2.2 [1]

Let A and B be intuitionistic fuzzy sets of the form

and B = {(x,,uB(x),vB(x»/x eX}A= {(x,,uA(x),vA(x)>/x e X}

(@) Ac Bif and only if pa(x) < pg(x) and va(x) > vg (x) for all x
e X
(b) A=BifandonlyifAcBandBc A
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(€) A° = {{x, va(x), ma(X))/x € X}
(d) AN B ={(X, pa(x) A pa(x), va(x) v ve(x))/x € X}
() AU B = {{X, pa(X) v pa(x), va(x) A vgXx))/x € X}

The intuitionistic fuzzy sets 0- = {(x, 0, 1)/x € X} and 1. = {(x, 1,
0)/x e X} are respectively the empty set and the whole set of X.
Definition 2.3 [4]

An intuitionistic fuzzy topology (IFT in short) on X is a
family z of IFSs in X satisfying the following axioms:
()0, 1 ez
(i) G, NG, er forany G,,G, er
(il) UG, ez for any family {Gi/i < J}
In this case the pair (X,7)is called an intuitionistic fuzzy
topological Definition 2.3 [4]

An intuitionistic fuzzy topology (IFT in short) on X is a
family z of IFSs in X satisfying the following axioms:
()0, 1 er
(i) G,NG, er forany G,,G, ez
(iii) UG, e ¢ [ for any family {Gi/i < J}
In this case the pair (X,7)is called an intuitionistic fuzzy
topological space (IFTS in short) and any IFS in ¢ [1is known as
an intuitionistic fuzzy open set (IFOS in short) in X. The
complement A°of an IFOS A in IFTS (X,7)is called an
intuitionistic fuzzy closed set (IFCS in short in X).
Definition 2.4[9]

An IFS Ainan IFTS (X,7)is said to be an
1) intuitionistic fuzzy a-open set (IFaOS in short) if
A cint(cl(int(A))).
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1) intuitionistic fuzzy a-closed set (IFaCS in short) if
cl(int(cl(A)) < A.
The family of all IFCS (resp. IFaCS, IFOS, IFaOS) of an IFTS
(X,7)is denoted by IFC (X) (resp. IFaC (X), IFO(X), IFaO (X)).
Definition 2.5 [12]

Let Abean IFSinan IFTS (X,7). Then
1) aint(A) =uU {G/G isan IFaOSin Xand Gc A}
) acl(A) =N {K/KisanIFaCSinXand AcK}
Definition 2.6[11]

An IFS Ainan IFTS (X,7)is said to be an
1) intuitionistic fuzzy regular closed set (IFRCS in short ) if
A =cl(int(A)) ii) intuitionistic fuzzy regular open set(IFROS in
short ) if A=int(cl(A)) iii) intuitionistic fuzzy generalized closed
set (IFGCS in short) if cl(A) cU whenever AcU and U an
(IFROS in short) and U an IFOS in (X, 7).

Definition 2.7[4]
An IFS Ain an IFTS (X,7)is said to be an

I) The finite union of IF regular open sets is said to be IF w-open .
i) The complement of IF @- open set is said to be IF n-closed.
Definition 2.8 [10]

An IFS Ain(X,7)is said to be an intuitionistic
fuzzy mga-closed set(IF tGaCS in short) if acl(A) cU whenever
AcU and Uisan IFTOSin (X,7).
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Definition 2.9
[10]
An IFS Ain (X,7)is said to be an intuitionistic fuzzy mga-open
set (IF TGaOS in short) if the complement A®is an IFTtGaCS in
(X,7).
Remark 2.10 [10]

Every IFCS, IFaCS, IFRCS, IFGCS is an IFntGaCS, but
converses may not true in general.

Remark 2.11

(i) Every IFTOS in (X,7) isan IFOS in (X,z) [8]
(ii) Every IFOS in (X,7)is an IFaOSin (X,7) [4]
(iii) Every IFtOS in (X,7)is an IFGOS. [8]

3. Intuitionistic Fuzzy a- Normal Spaces

Definition 3.1

An intuitionistic fuzzy topological space (X,7) is said to be
intuition- istic fuzzy a-normal space (or in short IF a -N) if for
every pair of disjoint intuitionistic fuzzy closed sets A, there exist
two disjoint intuitionistic fuzzy a-open sets (IFaOSs) U andVv
such thatAcuU,BcV.

Theorem 3.2
Let (X,7)be an intuitionistic fuzzy topological space the

following are equivalent :

1) X is an intuitionistic fuzzy a-normal space .

2) For every pair of an intuitionistic fuzzy open setsu andV
whose union is 1. there exist intuitionistic fuzzy a-closed sets A
andBsuch that Acu,BcvandAUB=1..
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3) For every intuitionistic fuzzy closed setHand every
intuitionistic ~ fuzzy  openkK containing H,there  exists  an

Intuitionistic fuzzy a-open setU such that H cU c e —cl(U) c K.

4) For every pair of an intuitionistic fuzzy disjoint a-closed sets

Handk of X there exists an intuitionistic fuzzy a-open set U of

X suchthat Hcuand IFa—-cdU)NK=0_ .

5) For every pair of an intuitionistic fuzzy disjoint a-closed sets

Hand K of X there exists an intuitionistic fuzzy a-open sets U

andVv of X suchthatH cU,K cvand IFa—clU)NIFa—cl(V)=0_
Proof

)=2)

Let U andV be two intuitionistic fuzzy open sets in an IF a-
normal space x suchthat U Uv =1_. Then u®, Vv are
intuitionistic fuzzy disjoint closed sets. Since X is an
intuitionistic fuzzy a-normal space there exist intuitionistic fuzzy
disjoint a-open setsuU, and V, such that U° cU,and V° cV.Let

A=U°,B=V,°.Then A andB are intuitionistic fuzzy « -closed
sets such that Acu,Bcvand AUB=1..
2) = 3)

LetH be intuitionistic fuzzy closed set and K be an
intuitionistic fuzzy open set containing H .Then H¢and K are
intuitionistic fuzzy open sets such that H° UK =1_. Then by (2)
there exist an intuitionistic fuzzy a-closed sets M,and M, such
thatM, cH®and M, cKand M, UM, =1_Thus, we obtain
HcM®, K°cM®, M, NM®, =0_.

Let U =M,°and v =M,°.Then U andV are intuitionistic fuzzy
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disjoint a- open sets such that H cU cV° < K. As vean
intuitionistic fuzzy a-closed set, we have H cU c a —cl(U) c K.
3)=4)

LetH and K be disjoint IF a-closed set of X.Then H c K°
where K°is IF a-open. By the part(3), there exist a IF a-open
subset U of X suchthat H cU ca-cl(U) cK®.Thus
IFaclU)NK =0_.

4) = 5)

Let Hand K be any disjoint IF a-closed set of X .Then by
the part (4) there exist a IF a-open setU containing H such that
IFacl(U)NK =0_. Since IFacl(U)is an IF a-closed, then it is
IF a-closed .Thus IFacl(U)and K are disjoint IF a-closed sets of

X.Again by the part (4), there exists a IF a-open set V in X such
that K cvand IFacl(U)NIFacl(V)=0_.
5)=1)

Let HandK be any disjoint IF a-closed sets of x .Then by
the part 5). There exist IF a-open sets U andV such that
HcU,KcV, and IFacl(U)NIFacl(V) =0_. Therefore , we
obtain that U NV =0_. Hence X is IF a- normal space.
Definition 3.3[5]

An IF function f :(X,7) —(Y,o)is said to be :
1) Intuitionistic fuzzy pre-continuous function if

f *(B) e IFPO(X) for every Beo.

2) Intuitionistic fuzzy a-continuous function f *(B) e IFaO(X)
for every Beo.
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3) Intuitionistic fuzzy a-open function (IFaO function for short)
if f(A) Isan IFa0S in Y for eachIFOS A in X .

Definition 3.4
An IF function f :(X,z) — (Y,o)is said to be:
1) IF pre a-openif fU) e IFeO(Y)for each U e IFaO(X).
2) IF pre a-closed if f(U) e IFaC(Y)for each U e IFaC(X).
3) IF almost a-irresolute if for each IF point x(«, ) in X and

each IFa-neighbourhood V of f(x), a—cl(f *(Vv))is an IFa-
neighbourhood of x(«, ).
Theorem 3.5
A surjective function f :(X,z) — (Y,o)ISs an intuitionistic
fuzzy prea-open continuous almost « -irresolute function from
an intuitionistic fuzzy a-normal space (X,z) onto(Y,s).Then

(Y,o)is an intuitionistic fuzzy a-normal space.

Proof
Let A be an intuitionistic fuzzy closed set of Y andB an
intuitionistic fuzzy open set of Y containing A.Then since f is

continuous f*(A) and f *(B)are intuitionistic fuzzy closed (respt.
open ) in X such that f*(A) and f *(B). Since X is an
intuitionistic fuzzy a- normal there exists an intuitionistic

fuzzy a -open setU in X such that f *(A)cU ca-clU) < f *(B),
by theorem (3.2) (f *(A)) < fU) < f(a—cl(U)) < f(f *(B)). Since
f is an intutionistic fuzzy pre a-open almost « -irresolute-

surjection function, we obtain
Ac f(U) ca-cl(fU)) cB.Then again by theorem (3.2) .The
space
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(Y, o) is intuitionistic fuzzy a-normal space.

Theorem
3.6

A function f:(X,7) - (Y,o)is an
Intuitionistic fuzzy pre a-closed function if and only if for each
intuitionistic fuzzy set Ain 'y and for each intuitionistic fuzzy a-
open setU in X containing f *(A) there exist an intuitionistic
fuzzy a-open set v of Y containing Asuch that f*(v)cuU.
Theorem
3.7

Let f:(X,7) > (Y,o)bean

intuitionistic fuzzy pre a-closed continuous function from an
intuitionistic fuzzy a-normal space X onto a space Y,then v is an
intuitionistic fuzzy a-normal space.

proof
Let M,and M, are intuitionistic fuzzy disjoint closed sets in

y f7*(M,) and f *(M,) are intuitionistic fuzzy closed sets in X.
Since X is an intuitionistic fuzzy a-normal space, there exist
disjoint intuitionistic fuzzy a-open sets U andV such that
f*(M,)cUand f *(M,) cV . By theorem(3.6) there exist an
Intuitionistic fuzzy a-open sets A andB such that M, < Aand
M,cB,f*(A) cUand f*(B)cV.AlsoA andB are disjoint
.Thus Y is an intuitionistic fuzzy a-normal space.

Definition
3.8

An intuitionistic fuzzy function
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f:(X,7) > (Y,o)is said to be « -closed if f(U) is an IF a-closed
set in Y for each closed set U in X .
Theorem
3.9

Let f:(X,7) > (Y,o)be an ntuitionistic fuzzy a-closed
continuous surjection and X is an intuitionistic fuzzy normal, then
Y is a-normal space.
Proof

Let A and B be an intuitionistic fuzzy disjoint closed sets in

Y.
Since f is continuous then f*(A) and f *(B) are intuitionistic

fuzzy disjoint closed sets in X. As X is an intuitionistic fuzzy
normal, there exist intuitionistic fuzzy disjoint open sets U andV
in X such that f*(A)cUand f™*(B)cV .Then there are

intuitionistic fuzzy disjoint open setsG and H iny such thatAc G
and B c H. Since every intuitionistic fuzzy open set is a-open, G
and H are intuitionistic fuzzy disjoint a-open sets containing A
and B, respectively. Therefore Y is an intuitionistic fuzzy a-
normal.

4. Intuitionistic Fuzzy g « - Normal Spaces
In this section, we introduce the notion of IF zga -normal
space and study some of its properties.
Definition
4.1
An IF topological space X is said to be IF g« -

normal if for every pair of disjoint IF zg« -closed subsets AandB
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of X, there exist disjoint IF « -open sets U andV of X such that
AcUand BcV.

Theorem
4.2

For an intuitionistic fuzzy topological
space (X,z) the following are equivalent:

(1) X IS aga-normal.

(2) for any pair of intuitionistic fuzzy disjoint g« -open sets U
andVv of X there exist disjoint zga -closed sets AandB of X such
that Acuand Bcvand UUV = X.

(3) for each IF rge -closed set A and an IF g -0open set B
containing Athere exists a IF « -open set U such that
AcUcIFa-clU)cB.

(4) for any pair of intuitionistic fuzzy disjoint .g« -closed sets A
and B of X there exists a IF o« -open set U of X such that AcuU and
IFa—cl(U)NB=0..

(5) for any pair of intuitionistic fuzzy disjoint g« -closed sets A
and B of

X there exists a IF « -open sets U andV of X such that AcuU and
BcV IFe—c(U)NIFa—cl(V)=0_.

Proof
)=2)

Let U andV be two intuitionistic fuzzy nga -open sets in an IF
mga - normal space X such that U Uv =1_.Then U°¢, Vv ‘are
intuitionistic fuzzy disjoint zge - closed sets. Since X is an
intuitionistic fuzzy -g« - normal space there exist intuitionistic

fuzzy disjoint a-open sets U,and V, such that u°® cuU, and
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Ve cV,. LetA=U,",B=V,".Then AandB are intuitionistic fuzzy a-
closed sets such that AcU, BV andAUB=1..
2) = 3)

LetH be intuitionistic fuzzy -g« - closed set andK be an
Intuitionistic fuzzy »ga -open set containing H.Then H°and K
are intuitionistic fuzzy rga -open sets such that H* UK =1_.Then
by (2) there exist an intuitionistic fuzzy a-closed sets M, and M,
such that M, cH°and M, c Kand M, UM, =1_.Thus we obtain
HcoM, KicM,fandM,°NM,° =0._.

Letu =mMm,“and v =M,°.Then U andV are intuitionistic fuzzy
disjoint « -open sets such that H cU cV° < K. As vean
intuitionistic fuzzy a-closed set, we have H cU c e —cl(U) c K.
3)=4)

Let Hand K be disjoint IF zg«-closed set of X . Then
H < K°where K°is IF zga-open. By the part(3), there exist a
IF a-open subset U of X suchthat HcU ca-cU) < K. Thus
IFacl(U)Nk =0_.
4) =5)

Let Hand K be any disjoint IF zga-closed set of X .Then by
the part (4), there exist a IF a-open setU containing H such that
IFacl(U)Nk =0_. Since IFacl(U)is an IF a-closed, then it is IF
mga-closed . Thus IFacl(U)and K are disjoint IF zga -closed sets
of x . Again by the part (4), there exist a IFa -open setV in x such

that K Vv and IFacl(U)N IFacl (V) =0_.
5) =1
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Let Hand K be any disjoint IF zga -closed sets of x.Then by
the part (5), there exist IF a-open sets U andV such that
HcU,KcV,and
IFacl(U) N 1Facl (V) =0_. Therefore we obtain that U NV =0_
Hence X is IF zga - normal space.

Lemma 4.3
a) The image of IF a-open subset under an IF- open
continuous function is IF a-open subset.
b) The image of IF a-open subset under an open continuous

function is IF a-open subset.
Lemma 4.4

The image of IF regular open subset under an open and
closed continuous function is IF regular open subset.
Lemma 4.5 [5]

The image of IF a-open subset under IF- open and IF-

closed continuous function is IF a-open subset.
Theorem
4.6 If
f : X =Y be an IF-open and IF-closed continuous bijection
function and A be a IF rga-closed set in Y, then f*(A) is IF
mge-closed set in X .

Proof
Let A be annga-closed setin Y

and U be any IF z-open set of
X such that f*(A)cU . Then by lemma (4.5), we have f ) is

IF z- open set of Y such that Ac f(U). Since A isan IFga-
closed setof Y and fU)is IFz-opensetin Y.Thus IFacl(A) cU
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. By lemma (4.3) we obtain that f *(A) < f *(IFa—cl(A) cU,
where f*(IFa—cl(A)) IS a -closed in X . This implies that IF

a—cl(f(A) cU .Therefore f*(A) is IF zga-closed setin X .

Theorem 4.7
If f:X —Ybean IF-open and IF-closed continuous

bijection function and X be a IF zga -normal space , then v is IF
age-normal space .

Proof
Let AandB be any disjoint g« -closed set in Y . Then by

theorem

(4.6) f*(A) and f*(B), are disjoint of IF zga-closed setinX .
By IF

mge-normality of X, there exist IF a -open subsets U andV of x
such

that f *(A)cU ,f*(B)cV and UNV =0_. By assumption, we
have Ac f(U) ,Bc f(v)and f(U)N f(V)=0_ . By lemma (4.3)
f(U)and f(v) are disjoint IF a -open set of Y such that

Ac f(U),Bc f(v). Hence Yis IF zga -normal space.

5. IF g -normality in subspaces

Lemma 5.1 [5]
If M be a IFz-open subspace of a space x and U be an IF z -
open subset of X,then UNM s IFz-opensetinM .

Lemma 5.2
If A isboth IFz-open and IF zg« -closed subset of a space X,

then A isan IF a -closed setin X .
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Proof
Since A is both IF z-open and IF zg« -closed subset of a

space X and since Ac A, then IF acl(A) c A. But AcIFacl(A).
Then A= IF acl(A)
Hence A isan IF a-closed setinx .
corollary 5.3.
If A isboth IF z-open and IF zgo -closed subset of a space

X,then A is an IF a regular-closed set in X .
Theorem 5.4

Let M be an IF z-open subspace of a spacex and Ac M . If
M is an IF zga-closed subset of a space x and A isan IF rga -
closed subset of M. Then A is an IF zg« -closed subset of X .

Lemma 5.5
Let M Dbe an intuitionistic fuzzy closed domain subspace of

aspaceX . If Uisan IF a-open setin X,then UNM s an IF a-

open setin M.
Theorem 5.6
An intuitionistic fuzzy nge-closed and IF z-open

subspace of an intuitionistic fuzzy mge —normal space is an
intuitionistic fuzzy rga —normal.

Proof
Suppose that M is an IF g« -closed and IF 7 -open subspace

of
an intuitionistic fuzzy zge—normal space x . Let Aand B be any

intuitionistic fuzzy disjoint zga -closed subsets of M . Then by

theorem (5.4), we have AandB are intuitionistic fuzzy disjoint
mga-closed sets in X . By intuitionistic fuzzy nga —normality of
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X, there exist ntuitionistic fuzzy a-open subsets U andV of such
that AcU,BcVv and UNV =0..

By corollary ( 5.3) and lemma (5.5), we obtain that u "M and
VM

are intuitionistic fuzzy disjoint a-open sets in M such that

AcUNMand BV NM. Hence, M is an intuitionistic fuzzy

mga —normal subspace of intuitionistic fuzzy »go —normal space

X.
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